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In this note, we provide a complete proof of [2, Proposition 3.3]. For notational convenience, we 
use bold letters to denote vertices in Z''"''^, e.g., o = (o, 0) and x\ if necessary, we denote the spatial 
and temporal components of a given vertex v by cr^, and respectively: v = (a^jT^)- To identify the 
starting and terminal points, we write, e.g., ^Pp{v; x) ='¥p[v — > x) and abbreviate it to ^p{x) v = o; in 
particular, fp{v; x) = (pp{x — v) if the model is translation-invariant. Let piv(v, x) denote the (random) 
set of pivotal bonds for {v x}. 

1 Bounds in terms of two-point functions 

In this section, we prove bounds on Trp'^\x) and Il'^\x), for fixed x, in terms of two-point functions. To 
prove these bounds, we do not have to assume translation-invariance. 

Recall that the lace-expansion coefficients TTp'^\x) and nj/^'(ic) for > 1 are defined in terms of the 
event 

N 

&^\x) = {o ^ 61} n fl i?(6„6,+i;C^»(6,_i)), (1.1) 

^ i=l 

where Bn = (bi, ■ ■ ■ , b^) is an ordered set of bonds and 

E{b,x;C) = {b^xeC}n{$b' e piv(b,x) satisfying 6' G C}, (1.2) 
C\v) = {xe -.v^x without using b}. (1.3) 



Lemma 1. 



7r^;\x) = ¥p{o ^x)< 6^,a + {qp * Vp){x)\ (1.4) 



and, for N > 1, 

N 

tt'^'^\x) = J2^p{^'f\^)) ^ X] (pp{ui)(fp{ui;vi)(pp{vi)Y[Ep{ui,v,;Ui+i,v,+i), (1.5) 



1il,...,MjV+l i=l 
Vl,...,VM+l 

(ujv+i=i'JV+i=3:) 
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where 

~p{u,v-u\v') = {e^{u,v-u',v') + ^;{u,v-u\v'))^p{u'-v')/2^-''^', (1.6) 
U\}{u,v;u',v') = {qp*ipp){u-u'){qp*ipp){v;v'), 
\Cp{u,v;u',v') = {qp * ipp){u;v') {qp * ipp){v;u'). 

Proof. Since ()1.4p is already proved in [21 (3.18)], it remains to show (jl.Sp . By definition, we can easily 
see that 

E{b,x;C'{y))c{y^x}o{b^x}, (1.8) 

where Ei o E2 is the event that Ei and E2 occur bond-disjointly (i.e., Ei occurs on some bond set B and 
E2 occurs on i?^). Similarly, 

{o =^ t;} n {o ^ a;} C IJ {{o ^ u v} o {o ^ v} o {u ^ x}], (1.9) 
E{h,v;C^{y))n{b ^ x) d [J ^{{y ^ u ^ v} o {h v} o {u ^ x}] 

U {{y ^ v} o {b ^ u ^ v} o {u ^ x}}y (1.10) 

To prove p.5|) . we use (|1.8|) - p.lU|) and the BK inequality and pay attention to which event depends on 
which time interval. For example, by (jl.8p . 



E^^'^x) c 4^-^'(6;v) n {6^-1 ^ x} o {bN ^ x}. (1.11) 
Since £^l^~^'(6^r) depends only on bonds before time r;, , we can use the BK inequality to obtain 

ON-l 

Then, by (jl.lOp and the BK inequality and using the Markov property, we obtain 

< Yl (Fp(^&f^~'\vN-l)n{bN-2^UN}){qp*iPp){vN-i;VN) (1.13) 



+ 



Since r^^ < r^^ < Tx (due to (gp * ipp){vj^;x) in (|1.12p and ipp{uN;viy) in (|1.13p ). we can replace the 
last term in (|1.13p by {qp * Lpp){u]\f;x), using the trivial inequality 

(pp{u;x) < {qp*ipp){u;x) [u^x). (1.14) 
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Summarizing these bounds, we have 



+ Pp(^^l^ ''\vN-l)n{bN^2 VN}^{qp*(Pp){vN~i;UN)^ 

X ippiuN] vn) Hp(MAr, 17 at; a;, a;). (1-15) 
Using (jl.l3|) - p.l4p again, but with different variables, we obtain 

6]V-2,fejV-l,6iV ^ UN-1,UM ^ ^ ^ 

'"]V-2i'"JV-l,l'JV 

(f"»']V-2<'^"JV-l) 

+ Pp(^£'l^"^^(?;Ar_2) n {6Ar_3 ^ VN-l}^{qp * iPp){vN-2;UN-l)^ 
X (^p(llAr_i; UAr_i) Ep{uN-l, V Un , Vn) Ep{uN,VN] X, x). (1.16) 

We repeat this procedure until we arrive at 

J^M^'fJi""))^ Up{{o^Vi}n{o^U2}yqp*ipp){vr,V2) 
r ^ u2,...,un ^ 

(t^,^<t„2) 

+ Pp(^{o ^ vi} n {o ^ t>2}) (gp * (Pp){vi;u2)j(pp{u2;v2) 

N-1 

X Hp(wi,i;i;Ui+i,i;i+i)Hp(uAr,t>Ar;a;,a;). (1.17) 



i=2 



By (|1-9|) and the BK inequality and using the Markov property and (|1.14|) under the restriction t^^ < r^j, 
we obtain (11.51). ■ 



Lemma 2. For N > 1, 

N 

nr(^) = E E^f (^g^^^) n = ^ ^ Piv(6,-, 6,+i) 

AT 

^ E y?p(iii)((5p(ni;i7i)(/?p(?;i)^]^Hp(tij,i7i;Ui+i,i7i+i) (1.18) 

ltl,...,1XAr+i o = l j-^,' 

1>1,...,1>JV+1 ^-^ 

(u]V+i=i']v+l=a:) 



X (Ep{uj,Vj;Uj+i,Vj+i) + ep(itj,t7j;uj+i,i7j+i) + @p{uj,Vj;Uj+i,Vj+i)^ , 
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where the empty product Y\_^^-'^p{ui,Vi;UiJ^i,ViJ^i) for the case of N = 1 is 1 by convention, and 

ep{u,v;u',v') = {e^J{u,v;u',v') + e;{u,v;u',v'))ipp{u';v')/2^-'y , (1.19) 

(9lj{u,v;u',v') = {qp * ipp){u;u') {qp *ipp*qp* ipp){v;v'), 
\Op{u,v;u',v') = (qp * (pp){u;v') {qp *ipp*qp* ipp){v;u'), 

@p{u,v;u,v') = {qp * ipp){u;v') {qp * ipp){v;u) {(pp *qp* ipp){u';v'). (1.21) 

Proof. Since 

^Pp{E'fJ{x) n{b = bj or b e p±v{b„bj+i)}) = <'(^) + J2^p{m\^) n e piv(6„6,+i)}), 

b]\[ ,b b]\[ 

(1.22) 

it suffices to investigate the sum on the right-hand side. To do so, we use the following relations that are 
similar to and (fLTnl) : 

E{b' ,x;C^' {y)) n {b e piv{b' ,x)} C {y ^ x} o {b' ^ b ^ x}, (1.23) 
E{b' ,v;C^' {y)) n {b e ^^^{b' ,v)} n {V ^ x} C [j \^{{y ^u^v}o{b' ^b^v}o{u^x}} 

U {{y ^ v} o \b' ^ b ^ u ^ v} o {u ^ ^}}} 

U {{y ^ v} o {b' ^ u ^ b ^ v} o {u ^ ^}}}- 

(1.24) 

First we let j = N. By ()1.23p and using the BK inequality and the Markov property, we obtain 
J^Pp(^l^'(a;) n {6 G piv(6jv,a;)}) < J^^pi^l'^ ^'"^'^ ^ {^^-i ^ *^p*qp* ipp){vN;x), 



(1.25) 



which is equivalent to p.l2p . except for the last term {qp * ipp * qp * ipp){vj\f; x). Therefore, by following 
the same line as in ()1.13p -- (|1.17p . we obtain 

Af-l 

Y^¥p(^&£\x)n{beTpiv{bN,x)}) < ipp{ui)ipp{ui;vi)ipp{vi)YlEp{ 

ixi ,...,tijv 

Vl,...,VN 

X Qp{uN,VN;x,x). (1.26) 



bN 

r , ur,...,UN i=l 



Applying (jl.Sp to 7rp'^\x) in (|1.22p and using @p{u,v;u',v') = for u' = v' (since {ipp * qp * (fp){u';v') 
in (|1.2ip is zero if u' = v'), we obtain the term for j = in (jl.lSp . 
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Next we let j < N. Following the same line as in ()1.12p -( ri.l6|) . we obtain 



bN,b 



^ Yl (^i+i) n e piv{bj,Vj+i)} n {bj ^ Uj+2}) {qp * ^p){vj+i;Vj. 



Vj + l,...,VM "O'" 



+ f>p{Ef{vj+i) n {6 G piv(6j,tij+i)} n {bj {Qp * iPp){vj+i;Uj+2] 



"3 

N-l 



X ipp{uj+2;Vj+2) Y[ ^p{ui,Vi;Ui+i,Vi^i)Ep{uN,VN;x,x). (1.27) 

i=j+2 

Then, by (jl.24p and using the BK inequality and the Markov property, 

Y,Pp(^E^J\v,+i) n {6 e piv(6„^,+i)} n {b, ^ ^,+2}) 

- Yl [^p{^'i^\^i) ^ ■"i+i}) {Qp *^p*qp* y:>p){vj;vj+i) 

(r„^<r„^ + l) 

+ ¥p(^Ei''^'-\vj) n {bj-i Vj+i}^{qp *(pp*qp* (pp){vj]Uj+i)^ipp{uj+i;Vj+i) (1.28) 
+ IPp(-^^^^|'(f j) n {bj^i Vj+i}j{qp * 'Pp){'Vj;Uj+i) {^p *qp* (/?p)(Mj+i;i»j+i)j(/7p(uj+i;Uj+2), 

where the last term can be replaced by [qp * V9p)(itj+i; Wj+2)! because t^^^-^ < Tvj+i < '^1x^+2 ("^^^ t° 
restriction in p.27p and the factors (/9p(wj_|_i; ■yj+i) and (99^ *qp* ipp){uj^i; i7j+i) in (11.280 ). Using ()1.28p 
as well as that with Uj+2 replaced by •i'j+2) we obtain 

< Y Yi (^p{^t'!('^l) n ^ {qp *ipp*qp* ^p){vf, Vj+i) 

Vj,...,VN 3-^ 

(r„^<r„^. + l) 

+ ^f"p(^5^,~J'(^i) ^ 't'j+i}) (qp *(Pp*qp* ipp){vj;uj+i)^ (pp{uj+i;Vj+i) 

X Hp(uj,i;i;Uj+i,'i;i+i)Hp(iXiv,i;Ar;a;,a;). (1.29) 
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Repeatedly using (I1.13p - ()1.14p with different variables, we finally arrive at 



lIj_l,...,l!jV+i "^-2 
(■"JV+l='"iV+l=''') 



+ Pp(^^l' n {6j_2 Vj}^ {qp *ipp*qp* (pp){vj^i; Uj)^ ipp{uj;Vj) 

N 

Qp{uj,Vj;uj+i,Vj+i) + @'p{uj,Vj;Uj+i,Vj+i)^ Ep{ui,Vi;Ui+i,Vi+i 

i=j+i 



^ Y ^Ppiui)ipp{vi - Ui)ipp{vi)Y\_'^piui,Vi;Ui+i,Vi+i] 

lll,...,lI.jV+i j-^j 

i;i,...,i;jv+i 

ilJ-N+l='>>N+l=x) 



X (^ep(uj,t'j; Wj+iji'j+i) + ep(itj,i;j;uj+i,i7j+i)j. (1.30) 

Combining this with the bound (jl.Sp on 7rp'^'(ic) in (|1.22p . we obtain the term for j < in (jl.lSp . 

The proof of (jl.lSp is completed by summing the above bounds over j = 1, . . . , A^. ■ 

2 Proof of [2, Proposition 3.3] 

In this section, we prove [21 Proposition 3.3] using Lemmas [TH2] and assuming translation- invariance. 

Let x) = (pp{v; x)m7'^~'^'" . Recall that the weighted bubble Wp"^\k) and the triangles Tp™' and 

Tp are defined as 

£ceZd+iV y{'mqp*ip), '){v){qp*ipp){x;v) (m > 1), 

T^-^ = sup Y.^qp*^p*^p){v){mqp*^^;^'>){x-v), (2.2) 

Tp = sup V(gp * (/?p * gp * 93p)(^') (^p * 'fp){x; v), (2.3) 

and that the square S'p™' and the H-shaped diagram Hp are defined as (cf., [2, Figure 2]) 
^p"' = sup V(gp *^p*ipp* ^p){v) {mqp * (p^'"')(a;; v), (2.4) 

Hp = sup ^ (g'p * ^p){u) (ipp *qp* ipp){u;v) (qp * (pp){x;v) {qp * ipp){u;w) {qp * ipp){v;y + w). 

(2.5) 

[51 Proposition 3.3] is an immediate consequence of the following lemma: 
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Lemma 3. (i) For N >0 and ^ = 0, 1, 2, 



4™' = 2), 



(2.6) 



J]] (1 - cos(A: • a^)Yp(x)m^- < 3{N + + 2Tlr^){2Tlr'')^^''^^'''^Wl,'^\k). (2.7) 
(ii) For N >1, 

(2.8) 



n(f)(a;) < iV(l + 2T^^))((r^^) + fp){2T^'Y'^ + ^p(2r^^')(^-2)^° 
Proof of Lemma\B(i) . First we prove ()2.6p - ()2.7p for = 0. By (|1.4|) . we readily obtain 

where we have used (cf., [3, (5.17)]) 

Tx {qp * ^p){x) = ^ (gp * 'Pp){x) < ^ X] * ^p('"'^ ^) = (^P * '^P * ^p)i^) 

t = l t = l V.T-u=t 

■ 12301 ■ 12^01 

Tec (9p * V^p) (x) < "^cc (q'p * (/?p * ¥?p) (a;) < {qp*(pp*ipp* (fp) (x) . 



(2.9) 



(2.10) 



(2.11) 



We note that we have multiphed one of the two diagram hnes (i.e., {qp * ipp){x)) by and the other by 
m"^^. If we multiply either {qp * ipp){x) or {mqp * Lp'^^''){x) (depending on whether m < 1 or m > 1) by 
1 — cos(A; • ax) instead of r^, we obtain 



^ (1 - cos(fe • Ux)) vrf (a;)m^- < W^r^k), 



(2.12) 



as required. 

Next we prove ()2.6p for A'^ > 1 and £ = 0. We note that, as in the A'^ = case above, there are two 
"external" diagram lines from o to a; in each of the 2^~^ bounding diagrams in (jl.5p . Each line looks like 



N-l 



Mvi) n (^p * '^p)(^i;^i+i) (^p * 'Pp)iyN'^ a;). 



(2.13) 



1=1 



where each is either Ui or Vi in (jl.Sp : denote the line with yi = vi by uj^-^ = {o,vi, . . . ,x) and the 
other by uJui = {o,ui, . . . ,x). Multiplying uj^-^ by m"^"" and using 



2^Hp(o,y;a;,a;) 

as 

X] + ^p{o,y;u,v)m'^'')(pp{u;v) 

X] +^p^(?/'0;u,u)m^")v9p(M;i>) 



> < 2T(™) (y G 



(2.14) 
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and 

Y,Mu) ^p{u;v) ^p{v)m-'- < 1 + Y^iVp * V^p)('") i^Qp * < 1 + 2T^"'', (2-15) 

we obtain 

5^4^'(a;)m"- < (1 + 2Tlr^){2TlrY~^T^"^^ > 1), (2.16) 

X 

as required. 

Before proceeding the proof, we define (cf., p.6p ) 

Ep{u,v;u', v') = ifpiu; v) (^1 (w, v;u',v')+ (tt, v;u', v')) , (2.17) 

which satisfies similar bounds to (j2.14p . due to translation- invariance. We note that, by using (j2.17p . the 
bound in ()1.5p can be reorganized as 

N 

iPp{ui)ipp{vi)Y\_'^p{,Ui,Vi;Ui+i,Vi+i), (2.18) 

ui,...,i)jv+i 
(■"jv+i=i'JV+i=3:) 

or, for j = 1, . . . , A'', as 



,...,UiV+l ^j=l ^ 



■ui 

Vl,...,lljV+i 

('"JV+l='"iV+i=3:) 



>< [^lKuj,Vj;Uj+i,Vj+i) + ^p{uj,Vj;Uj+i,Vj+ij^( Hp(ni, Uj+i, i>i+i) j . (2.19) 

^ i=j+l ^ 

Now we prove (|2.6p for > 1 and £ = 1,2. To do so, we multiply lo^^ by m'^'^ as before, and multiply 

^ux = (o,Wui, • • • jt^in^^^), where tJ^i = Wi, G for i = 2, . . . , and <jJux^^ = a^, by r^, using 

the decomposition 

N 

Tx = Till + y](^,/j + l) - -T/j)). (2.20) 

i=i 

Consider, e.g., the bounding diagram with lOui = foi^ alH = 2, . . . , A^; we denote this diagram by U {x) 
for convenience. Then, by (j2.18p and ()2.10p - (j2.1ip . the contribution from r^^ is bounded as 



4"^' = 2), 



ui,...,iijv+i i=i \'-'P 

Vl,...,VM+l 
{uN+l=VN+l) 



(2.21) 
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and, by (12.190 and ()2.10p - (l2.11l) and using ()2.15l) . the contribution from each {t^j^-^ —Tuj) is bounded as 

,---,iJ-N+i ^ i=l ^ 



iti, 

1!1,...,1!JV + 1 

(ujv+i=i'jv+i) 



i=j + l 

<(l + 2r(-))(r<-')^-ix||l,' J^ = ^J^ (2.22) 
Therefore, for ^ = 1, 

^ ra,c/(iE)m^- < N{i + 2r^™')(rj('"')^ + (rj('"))^+i < (A^ + i)(i + 2r^'"')(r^'"))^. (2.23) 

X 

The other 2^~^ — 1 bounding diagrams obey the same bound. This completes the proof of (j2.6p for £ < 1. 

The cross terms for 1 = 2 can also be bounded similarly. For example, the contribution from (tu ,^^ — 
T■^ty)(r^,^+l - T^,) with j' < j is bounded, by using (12.191) (cf., (12.221) ). by 

i'-i 

Ul,...,U,,^-^ i = l 



j'+l 



< 



(l + 2rj('"')(r^'"))^-i5^'"'. (2.24) 



There are A^(A^ — 1) — 1 more cross terms that obey the same bound. There are 2N cross terms remaining, 
each of which is bounded by {Tp"^^)'^ Therefore, 



(m) 
■-p 



^T^U{x)m^^ <N^{1 + 2T^'"')(Tj('"))^-iS<,'"> + {2N + l)m"'YS^p 

X 

<{N+ 1)2(1 + 2r^™))(Tj('"')^-^SjJ,™>. (2.25) 
The other 2^^^ — 1 bounding diagrams than U{x) obey the same bound. This completes the proof of 

(USD- 

Finally we prove (|2.7|) for iV > 1. If m < 1, then we multiply uj^-^ by m"^^ as before, and multiply cOui 
by 1 — cos(A: • ax) and use the decomposition (cf., [4, (4.50)]) 

N 



1 - cos{k ■ a^) < (2iV + 3) ( 1 - cos(/c • c^^^J + ^ (^1 - cos {k ■ (o-^o+i) - ^^0)))) j • 

.7 = 1 



(2.26) 
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For example, consider the bounding diagram U{x) again, where oJui = Ui for all i = 2, . . . , N . Similarly 
to (IMID-dl^lD, we have 

N 

^ (l - cos(A; • au^))ipp{ui)ip^j;^\vi)Y[vp{ui,Vi)^l\ui,Vi]Ui+i,Vi+i)m'^''i+i~^^ 

ltl,...,ltjv+i j=l 
Vl,...,VN + l 

{um+i=vm+i) 

< M/^'"'(fc)(rj('"))^, (2.27) 



and 



■■,i^N+i ^ i=l 



ut 

1!1,...,1!JV-|-1 
('"•JV+l=1'JV+l) 



X 



1 - COS {k ■ (cTuj.+i - au^))j^lj{uj,Vj;Uj+i,Vj+i)m'^''j+-^ ''"i 
= 7 + 1 ^ 



N 



< (1 + 2r^'"')(rj<'"')^-iH^^™'(A:). (2.28) 
Therefore, 

J^(l - cos(A: • a^))U{x)m7^ < {2N + 3) ((r^'">)^W^'"'(A:) + iV(l + 2r^'"')(?;$'"')^"^W^P "'(^)^ 

< 3{N + 1)2(1 + 2r^'"')(rj('"')^-iM/^™'(A;). (2.29) 

The other 2^^^ — 1 bounding diagrams than U{x) obey the same bound. 

If m > 1, then we multiply ujui by (1 — cos(A; • cTa,))m'^^ and use the decomposition (|2.26p . The rest is 
the same. This completes the proof of (12. 7p for > 1. ■ 

Proof of Lemma\3(ii). First we recall (ll.lSp . Since we have the bound (I2.16h on the contribution from 
Hp(iij, iJj; itj+i, i)j+i), it thus remains to investigate the contributions from 0p(iij, i?^; Wj+i, i7j+i) and 
Q'p{uj^Vj]Ujj^i,Vjj^i). However, since (cf., (j2.19p ) 



'^p{ui)Lpp{ui-,vi)ipp{vi)(^'Ep{ui,Vi-,Ui+i,Vi+i)\( 'Ep{ui,Vi;Ui^i,Vi+i)\ 

]{uj,vj-uj+i,vj+i) + e^{u,,v,-uj+i,v,+i)) < (1 + 2rw)(2rw)^-irp, (2.30) 



and, for j < N, 



<y9p(ui)99p(wi;i»i)v9p(?;i)f JjHp(iti,i;j;Mi+i,?;j+i) j f Ep{ui,Vi;Ui+i,Vi^i)] 

'"ivi'yjv+i 

(ujv+i=i)jv+i) 

< (l + 2r^i')(2r^'')'^"'^P, (2.31) 
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we obtain 

J^n'^H^) < (i + 2rW)(iv(rw + rp)(2rW)^-i + (iv_i)/7p(2rW)^-2) 

X 

< A^(i + 2rw)((r« + rp)(2r«)^-i + Fp(2rj(^')(^-2)vo^. (2.32) 

This completes the proof of Lemma [3)^ii) . ■ 
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